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Abstract 

We discuss a quantum counterpart, in the sense of the Berezin-Toeplitz 
quantization, of certain constraints on Poisson brackets coming from 
"hard" symplectic geometry. It turns out that they can be inter- 
preted in terms of the quantum noise of observables and their joint 
measurements in operational quantum mechanics. Our findings in- 
clude various geometric mechanisms of quantum noise production and 
a noise-localization uncertainty relation. The methods involve Floer 
theory and Poisson bracket invariants originated in function theory on 
symplectic manifolds. 
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1 Introduction 



The main theme of the present paper is an interaction between "hard" 
symplectic geometry and operational quantum mechanics, where the role of 
observables is played by positive operator valued measures (POVMs) [8]. We 
focus on POVMs coming from partitions of unity of a classical phase space, 
that is a closed symplectic manifold, under the Berezin-Toeplitz quantiza- 
tion. Such POVMs, considered earlier in [32], model a registration procedure, 
a statistical procedure which can be considered as an attempt to localize the 
system in the phase space and which is closely related to approximate quan- 
tum measurements. Certain constraints on Poisson brackets coming from 
symplectic geometry can be interpreted in terms of the quantum noise of 
these observables and their joint measurements. Our findings include various 
geometric mechanisms of quantum noise production and a noise-localization 
uncertainty relation. The methods involve Floer theory and Poisson bracket 
invariants originated in function theory on symplectic manifolds. 

1.1 Registration procedure 

For an open cover U = {Ui, Ui} of a classical phase space M, the 
registration procedure yields an answer to the question 'Where (i.e. in which 
set Ui ) is the system located ? ' The ambiguity arising due to overlaps between 
the sets of the cover is resolved with the help of a partition of unity fi,...,fz 
subordinated to U: every point z G M is registered in exactly one of the 
subsets Ui of the cover containing this point with probability fi(z). 

The Berezin-Toeplitz quantization (which exists for all closed symplectic 
manifolds whose symplectic form represents an integral cohomology class) is 
given by a sequence of finite-dimensional complex Hilbert spaces H m , m — > oo 
of increasing dimension and a family of M-linear maps T m : C°°(M) — > £(H m ) 
satisfying a number of axioms (most notably, the correspondence principle) 
which will be recalled later in Section I3TT1 Here C(H m ) stands for the space 
of Hermitian operators on H m . The number h — — represents the Planck 
constant, so that m — > oo is the classical limit. With this language, the 
quantum version of the registration procedure is defined by means of the 
sequence of POVMs 

A {m) = {T m (m (i) 

on the finite space VLl = {1,...,L}. Being prepared in a pure state [£] e 
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F(H m ), |£| = 1, the quantum system is registered in the set C/j with proba- 
bihty (T m (m,0- 

1.2 Inherent noise 

The main character of our story is the inherent noise of POVMs com- 
ing from quantum registration procedures. This quantity, roughly speaking, 
measures the size of the non-random component of the quantum noise opera- 
tor. The latter was studied earlier in [9j |30j [10J [23] . Let B be an £(if)-valued 
POVM on a space G. We say that a POVM A on is a smearing (or ran- 
domization) of B if there exists a measurable partition of unity {tj} on 
such as Aj = Jq^joIB for all j. This equality can be interpreted as follows: 
every point 6 G O diffuses into a point j G VLl with probability 7j(#). To 
every random variable x = (x\, ...,xl) on Ql corresponds a random variable 
Tx = JTJ . x jlj on @ which has the same operator valued expectation as x 
but whose operator valued variance 

A B (Tx) ■= J{Txf dB-^Jvx dB^ 

does not exceed the one of x (see inequality (jSJ) below). Is it possible to "de- 
randomize" A in such a way that this variance is small for all x G [—1, 1} L ? 
The obstruction to such a derandomization is given by the inherent noise of 
A which is defined as 

N in {A) = inf max ||A B (rx)|| op , 

B xe[-i,i] L 

where the infimum is taken over all B such that A is a smearing of B. Here 
| || p stands for the operator norm. 

A key feature of the inherent noise is as follows (see Section [3731 below): 
Let A^ be the sequence of POVMs ([T|) associated with the quantum reg- 
istration procedure. Then there exists a constant D > such that for all 
m G N 

Afin(A^)<D-h, (2) 

where h = 1/m. The main finding of the present paper is that for cer- 
tain classes of covers the inherent noise satisfies lower bounds of the form 
Afin(A^) > C ■ h for all sufficiently large m, where the constant C depends 
only on symplectic geometry and combinatorics of the covers. Our results 
can be briefly summarized as follows. 
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Figure 1: Displacement in two times iterated star 

1.3 Noise-localization uncertainty relation 

First, we discuss the principle stating that 'a sufficiently fine phase space 
localization yields the inherent quantum noise'. Its qualitative version has 
been established in |32j . We present a quantitative version of this principle for 
the special class of open covers U = {U\, ...,Ul} of M satisfying assumptions 
(Rl) and (R2) below. Let us write U for the closure of a subset U C M. 

Rl. Every subset Uj intersects closures of at most d other subsets from the 
cover. 

Further, for a subset X C M define its star St(X) as the union of all t/j's 
with Ui D X ^ 0. 

R2. For every i there exists a time-dependent Hamiltonian function f} 1 ' on 
M, t G [0; 1] supported in the p times iterated star St(...(St(Ui)...) of Ui such 
that the time one map (pi of the corresponding Hamiltonian flow displaces 
Ui: 4>i{Ui)r\Ui = 0. 

Assumption (R2) is illustrated in Figure [TJ On the left one sees p = 2 times 
iterated star of the gray disc Ui, and on the right - its image (in black) under 
a Hamiltonian diffeomorphism 0j represented by an arrow. 
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We call the covers satisfying (Rl) and (R2) (d,p) -regular. We say that the 
the magnitude of localization of a (d, p)-regular cover U is < A if 




maxF t (i) - minF t (i) dt < A Vi = 1, L . 



M M 



In other words, we measure the size of subsets Ui in terms of their displace- 
ment energy (cf. [191 HD]), that is of minimal amount of energy required in 
order to displace Ui inside its p times iterated star. Let us mention that 
for certain d, p depending only on (M, ui) one has the following: for every 
sufficiently small A > there exists a (d, p)-regular cover with magnitude of 
localization < A, see Example 14.51 below. 

Given a (d, p)-regular cover U, consider the sequence of POVMs A^ m ' 
given by ([Q). Our first result is the following noise-localization uncertainty 
relation: 

Theorem 1.1. 



where the positive constant C depends only on d and p. 

Let us note that number mo depends on the full data including the Berezin- 
Toeplitz quantization T and the partition of unity {fj}. We refer the reader 
to Section [7TT1 below for the proof of a more general version of this result and 
further discussion. 

From a purely symplectic perspective, the noise-localization uncertainty 
relation is a manifistation of rigidity symplectic covers. Given a finite open 
cover U = {Ui, Ul}, we introduce the associated Poisson bracket invariant 



where the infimum is taken over all partitions of unity / subordinated to 
U formed by smooth functions Here {.,.} stands for the Poisson 

bracket and ||g|| = maxjv/ \g\. This invariant serves as an obstruction to 
existence of a Poisson commutative partition of unity subordinated to 14. 
The study of lower bounds on pb and related invariants in terms of geometry 
of covers was initiated in [T7] and has been continued in the PhD-thesis 
of Frol Zapolsky as well as in [32] • None of currently known bounds are 




Vm > mo , 



(3) 



pb(U) = inf max 1 1{ 

f x,ye[-l,l] L 
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Figure 2: An overlap layer 



sharp. For the applications to quantum mechanics we need the bounds which 
provide the sharp asymptotics in terms of the magnitude of localization of 
the cover. Such bounds will be given in Section H] below. Their proof involves 
Floer-theoretical methods of function theory on symplectic manifolds. For 
instance, Theorem 11.11 will follow from the estimate pb(U) > C(p, d)A~ l for 
every (d,p)-regular cover. 

1.4 Overlap induced noise 

Second, we present a different mechanism of the inherent quantum noise 
production based on geometry of overlaps. Given a finite open cover U = 
{Ui, Ui} of M, consider any decomposition of the set {1, L} into dis- 
joint union I U I c (upper index c stands for the complement) and define an 
overlap layer by A(U, I) := \J aeI 0eI c{U a H Up). Observe that M \ A(U, I) = 
U(I) U U{I C ) where 

u(i) .= (\ju a y. 

We illustrate these notions on Fig. [2j Here the cover consists of discs. The 
discs U a , a G I form the left column, the discs Up, (3 £ I c form the right 
column, and the corresponding overlap layer is colored in black. The sets 
U(I) and U(I C ) appear in gray (on the right) and in white (on the left) 
respectively. 
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Interestingly enough, the inherent quantum noise of a quantum registra- 
tion procedure can be estimated in terms of quite subtle relative symplectic 
geometry of overlap layers of the corresponding cover . The main tool is the 
Poisson bracket invariant pb^ introduced and studied in a recent paper j5] by 
means of Floer theory: Let X , X\, Y Q , Y% be a quadruple of compact subsets 
of a symplectic manifold (M, u) satisfying an intersection condition 

x n x x = Y n y x = . 

One of the equivalent definitions of pb<± is as follows, see [5j Proposition 1.3]: 

MXo,Xi,Y ,Y 1 )=m£\\{f,g}\\, 

where the infimum is taken over all pairs of functions /, g : M — > [0; 1] with 
/ = near Xq, f — 1 near Xi, g — near Yq and g = 1 near Y\. 

Given an open over IA of M, consider the sequence of POVMs given by 
©• 

Theorem 1.2. For every I, J C fit 

Mn(A^) > 2ph(U(I), U(I C ), U(J), U(J C )) ■ h (4) 
for all sufficiently large m. 

In Section 17.21 below we shall prove a more general version of this result 
in the context of joint measurements of POVMs corresponding to a pair of 
quantum registration procedures. It turns out that the POVMs associated to 
any pair of registration procedures admit a joint observable (see Proposition 
!3.4l below). We shall see that in certain examples geometry of overlaps enables 
us to detect inherent quantum noise of such a joint observable even in the 
absence of phase space localization. 

As study, we explore overlap-induced noise for a pair of special 

covers of the unit sphere S 2 by annuli. We argue that a joint observable for 
POVMs associated to these covers is responsible for an approximate joint 
measurement of two components of spin. By using the technique of overlap 
layers, we get a lower bound for the inherent noise of such a measurement. 
Interestingly enough, it is related to the universal uncertainty relation for 
error bar widths of approximate joint measurements established earlier in 
[T2"| |2"E] . We refer to Sections 17.31 and 17.41 for further details. 
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Comparison with [32J : The study of quantum noise of POVMs associated 



to a quantum registration procedure via "hard" symplectic constraints on 
the Poisson brackets has been initiated in our recent paper [32]. For reader's 
convenience, let us list the main new contributions of the present paper as 
compared with 



We modify the measurement of non-random component of quantum 
noise by introducing inherent noise, which, in the context of quantum 
registration procedures, satisfies Ch < Mm < Dh in the classical limit 
h — > for some non-negative constants C, D. Thus the study of the 
value of the constant C (as opposed to the mere fact that C > which 
was proved in [52]) becomes meaningful. This study eventually leads us 
to the noise-localization uncertainty relation (j3J) which is a manifesta- 
tion of the qualitative principle "localization yields noise" established 
in [32]. 



We find a new (as compared with [32J) mechanism of quantum noise 
production based on geometry of overlaps (see Theorem 11.21 above) . In 
a somewhat unexpected twist, this mechanism turns out to be related 
to the Poisson bracket invariant pb^ introduced earlier in [5] and stud- 
ied there by means of various flavors of theory of pseudo-holomorphic 
curves in symplectic manifolds. 



• Following a suggestion by Paul Busch [13] we extend our results to 
joint quantum measurements. In particular, approximate joint mea- 
surements (see Section below) turn out to fit well the framework of 
quantum registration procedures. 

Saying that, let us mention that we put an effort to make the present paper 
self-contained and hence there are inevitable overlaps with [32] as far as 
various preliminaries from operational quantum physics, the Berezin-Toeplitz 
quantization and symplectic geometry are concerned. 

Organization of the paper: In Section [2J we remind preliminaries on 
POVMs and introduce the inherent quantum noise. The section is concluded 
with an unsharpness principle for POVMs and their joint observables which 
provides a lower bound on the inherent noise of a POVM in terms of its 
magnitude of non-commutativity. 

In Section [3j after a brief reminder on the Berezin-Toeplitz quantization, 
we describe the classical registration procedure and its quantum counterpart. 
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Next we define the noise indicator which enables us discuss in a concise lan- 
guage inherent quantum noise of POVMs associated to quantum registration 
procedures. Finally, we introduce the Poisson bracket invariants of finite open 
covers of symplectic manifolds which provide lower bounds on the inherent 
quantum noise. 

In Section H] we study Poisson bracket invariants of fine open covers of 
symplectic manifolds. The highlight of this section is Theorem 14.81 providing 
lower bounds on the Poisson bracket invariants in terms of geometric and 
combinatorial properties of covers. The proofs involving methods of function 
theory on symplectic manifolds are presented in Section |5j 

In Section E] we detect the overlap induced noise by using p6 4 -Poisson 
bracket invariant introduced in [5] (see Theorem 16. 2p . 

In Section [7] we present various applications of our results to quantum me- 
chanics: First, we state and prove the noise- localization uncertainty relation 
for a special class of fine open covers. Next, after discussing a link between the 
registration procedure and approximate quantum measurements, we detect 
the overlap induced noise for approximate measurements of two components 
of spin. 

The paper is concluded with some open problems stated in Section [HJ 

2 Operational quantum mechanics 

2.1 Preliminaries on POVMs 

Let if be a complex Hilbert space. In the present paper we deal with 
finite-dimensional spaces only. Denote by C(H) the space of all Hermitian 
bounded operators on H. Consider a set Q equipped with a a-algebra C of 
its subsets. An £(if)-valued positive operator valued measure A on (fl, C) is 
a countably additive map A : C — > C(H) which takes a subset X G C to a 
positive operator A(X) G jC(H) and which is normalized by A(Q) = 1. 

POVMs naturally appear in quantum measurement theory [8] where they 
play a role of generalized observables. The space fl is called the value space 
of the observable. Pure states of the system are represented by the points 
of the projective space [£] G W(H), where £ G H is a unit vector. When the 
system is in a state [£], the probability of finding the observable A in a subset 
X G C is postulated to be (A(X)£,£). 

An important class of POVMs is formed by projection valued measures 
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for which all the operators A(X), X G C are orthogonal projectors. In the 
language of quantum measurement theory they are called sharp observables. 
Every "usual" von Neumann observable B G £{H) corresponds to the pro- 
jector valued measure B — ^ Pj5\. on R, where B = J2j ^jPj is the spectral 
decomposition of B. In this case the statistical postulate above agrees with 
the one of von Neumann's quantum mechanics. 

When tt = tt L := {1, ...,L} is a finite set, any POVM A on SI is fully 
determined by L positive Hermitian operators Ai := v4({z}) which sum up 
to 1. 

2.2 Smearing of POVMs 

Let Q and G be Hausdorff locally compact second countable topological 
spaces, spaces and let C, V be their Borel a-algebras respectively. Denote by 
V(ft) the set of Borel probability measures on Q. A Markov kernel is a map 

such that the function w — > J W (X) on is measurable for every X e C. Let 
A and S be POVMs on (Q,C) and (Q,T>) respectively. We say that A is a 
smearin 

B of 5 [HI EB H] if there exists a Markov kernel 7 so that 

= / lw {X) dB(w) VXeC. 
Je 

In the physical language, each element w of the value set 9 of B diffuses into 
a subset X G C with probability 7 m (X). 

Denote by K(Q) the set of all measurable functions x : Q — > M. with 
max |x| < 1 which are interpreted as random variables on Q. Every Markov 
kernel 7 as above defines a smearing operator 

T : K(ty fsT(6), (ra;)(w) = f xd lw VweQ . (5) 

JO 

In the physical slang, the random variable Tx is a coarse-graining of x: Its 
value at a point to G 6 is the expectation of x with respect to the measure 

a Some authors call it randomization or fuzzification. 
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For instance, if Q = — {1? •••? V}, a Markov kernel 7 is given by a 
collection of non- negative measurable functions jj on B, j = 1, N so that 
^2jjj(w) = 1 for all w G 0, that is by a measurable partition of unity. A 
POVM A = {A u A N } on Q N , 



is a smearing of a POVM I? on (0,1)). Every function x from K(Q^) is 
canonically identified with a vector x = (x(l), x(N)) lying in the cube 
Kn := [—1,1]^. The smearing operator Y is given by T(x) = J2j x jlj- 

2.3 Quantum noise 

Let A : C ->• £(#) be an £(#)-valued POVM on (fi,C). For a function 
a; G i^(fi) put A(x) '■= J x dA and define the noise operator 



(see |U §2], [301 §4], [TOl §3], [231 §2]). Roughly speaking, A(x) is the operator 
valued expectation of the random variable x with respect to POVM A, while 
Aa{x) is its operator- valued variance. 

Let us give a more precise interpretation of the noise operator (see e.g. 
[23]). Fix a quantum state £ G H, |£| = 1. Introduce the following pair of 
random variables, <fi and ip: Consider a measure on f2 given by cr^(X) = 
(^4(X)£,£). We define (ft as 2 : Q — > K, where f2 is equipped with the 
probability measure o^. The random variable ip is associated to the von 
Neumann observable A(x) and the state £: It takes values Xj with probability 
(Pj£,£), where A(x) = ^2\jPj is the spectral decomposition. Both random 
variables have the same expectation (A(x)^,C,), while the difference of their 
variances is given in terms of the noise operator: 



We refer to [231 E2] for the proof and a more detailed discussion. 

The noise operator has a number of interesting properties, in particular 
Aa(x) > 0. The equality A^(x) = for all x corresponds precisely to the 
case when A is a projector valued measure. 




(6) 




(A A (x)£,O=Var(0)-Var(^). 
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Introduce the magnitude of noise Af (A) := max K ^ \\Aa{x)\\ op , where 
K(Q) is defined in the previous section and || .\\ op stands for the operator 
norm. The magnitude of noise is a dimensionless quantity satisfying (see 
[32]) 

< U{A) < 1 . (7) 
Now we are ready to introduce one of the central notions of the present paper. 

Definition 2.1. The inherent noise of a POVM A on (fi,C) is given by 

N in {A) := inf sup ||A B (rx)|| op , 
B ' r xeK(n) 

where the infimum is taken over all POVMs B so that A is a smearing of B 
and r is the corresponding smearing operator. 

Proposition 2.2. N in {A) <N{A). 

Proof. By a result of Martens and de Muynck [241 Lemma 2, p. 2 77] 

A B (rx) < A A (x) , (8) 

where B is any smearing of A with the smearing operator T and x is any 
function from K(Q). This immediately yields the proposition. 

For the sake of completeness, let us prove inequality (JHJ). Observe that 
B(Tx) = A(x). Furthermore, in the notation of Section |2T2| one calculates 
that 

f x 2 dA- [ (Tx) 2 dB= [ h{w)dB{i 
Jq Je Je 

with 

h(w) = J x 2 d"i w - ( J x djjj . 
Since h(w) > by the Cauchy-Schwarz inequality, we get OH]). □ 

Since smearing can be interpreted as a diffusion, the increment Aa(x) — 
A#(rx) (which is always non- negative by ([8])) plays the role of a random 
component of the noise of A. That's why we call Afi n (A) the inherent (as 
opposed to random) noise. Let us mention that in [32] a non-random com- 
ponent of the noise of A was measured in a slightly different way: we defined 



[w 
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a systematic noise of a POVM A as mfgA/X-B) where the infimum is taken 
over all B so that A is a smearing of -B. By definition, 1 1 A^(Tx) | | op < H{B), 
and hence Mi n {A) < M S {A). The inherent noise has a significant advantage 
in comparison with the systematic noise: In the context of quantum regis- 
tration procedures, one can find an upper bound on J\f in having the correct 
asymptotic behavior with respect to the quantum number (see Section 13.31 
below), while the similar problem for J\f s is at the moment out of reach. At 
the same time, both Mm and M s obey an unsharpness principle which we are 
going to discuss in the next section. 

It turns out that the inherent noise behaves monotonically under smear- 
ings. 

Proposition 2.3. Ni n {A) < Mi n {B) provided A is a smearing of B. 

Proof. Let us introduce the following notation: For a POVM A we write fl A 
for the value space of A and we abbreviate K A := K(Q A ). Following |24j, 
we write B — > A if A is a smearing of B, and denote by Yba '■ K A — > K B the 
smearing operator. 

Observe that if C — > B — > A we have that Tca = YcbYba- Therefore 

sup ||Ac(r Cj4 x)|| p = sup \\A c (TcbTbax)\\op < sup ||Ac(r CjB y)|| op , 

x£K A x£K A y eK B 

and hence 

^ j n t „ SU P \\Ac(Tcax)\\op < inf sup \\A C (TcBV)\\op <Min(B) . 

C: C^B^A x€RA C: C^B yeRB 

Note that 

{C : C B -)• A} C {C : C ->• A} . 

Thus the left hand side of the last inequality is > J\fi n (A). We conclude that 
Ni n (A) < Afi n (B), as required. □ 

2.4 An unsharpness principle 

For an £(iJ)-valued POVM A on (fi, C) define the magnitude of non- 
commutativity 

u q (A)= sup ||[A(x),A(y)]|| op , (9) 

x,y£K(Sl) 

where [., .] denotes the commutator and the subindex q stands for quantum. 



15 



Theorem 2.4 (Unsharpness principle). 

Nin(A) > ~v q {A) . (10) 

Proof. Let B be an L (H)- valued POVM on (B, D). By a lemma of Janssens 
(cf. [20], see also [251132]) 

l|Aj,(«)||^ ■ \\A B (v)\\% > i • || [S(ti),B(t;)] |U (11) 

for all 11,1)6 if (6). 

Suppose now that an £(i7)- valued POVM A on (O, C) is a smearing of i? 
with the smearing operator T. Take any x, y G and substitue it = Tx 

and u = Ti/ into the above inequality Since B{u) = A(x) and B(v) = A(y) 
we get that 

IIAflCraOII^ 2 • \\A B (ry)\\H 2 > \ ■ || [A(x), || op . (12) 

Therefore 

sup || A B (rx) 1 1 op > , 

which yields the unsharpness principle. □ 

It is known [TJ Section 5] (cf. [21]) that every commutative POVM on a 
Hausdorff locally compact second countable space is necessarily a smearing 
of a sharp observable, that is of a projector valued measure. In particular, 
Afi n (A) = provided v q (A) = 0. The unsharpness principle above shows that 
the converse statement is also true. 

Let us mention also that the magnitude of non-commutativity behaves 
monotonically with respect to smearings (see |32j): 

v q{B) > v q (A) if A is a smearing of B . (13) 

Thus after a smearing both sides of inequality ( !T0|) decrease. 

2.5 An unsharpness principle for joint measurements 

In this section we deal with POVMs defined on finite sets of the form 
Q L = {1, ...,L}. Recall that two £(iJ)-valued POVMs A and B on Q L and 



16 



Qn are jointly measurable [5] if there exists a POVM, say C = {Cij} on 
Q := Ql x Q N whose marginals equal A and B: 

j * 

Such a POVM C is called a joint observable for A and B. Let us emphasize 
that the question on joint measurability is a delicate one, and not every two 
POVMs admit a joint observable. 

Given two POVMs A, B on Q L and respectively, define the magnitude 
of (mutual) non-commutativity of A and B by 

u q (A,B)= max \\[A(x), B(y)}\\ op , 

x£K L ,y£K N 

where as earlier A(x) := ^XiAi and Kl = [— 1; 1] L . With this notation, 
v g (A,A) = Vq(A), where the latter quantity is introduced in (jHJ) above. 

Proposition 2.5 (Unsharpness principle for joint measurements). LetC be a 
joint observable for C(H) -valued POVMs A and B onVti andQjy respectively 
Then 

M in {C) > ~ • max (u q (A), u q (B), u q (A, 5)) . (14) 
We refer to [25J for related results. 

Proof. Indeed, take any x G K L , y G K N and note that both A(x) and 
B(y) are linear combinations of Cy with coefficients lying in [—1; 1]. Thus 
v q {C) > u q (A,B). Furthermore, A and B are smearings of C, and thus by 
P|l v q {C) > u q (A) and i/,(C) > v q {B). Therefore 

v q {C) > max (v q (A), v q (B), u q (A, B) \ , 

and so (fi^|) follows from the unsharpness principle (flUj) . □ 

3 Classical and quantum registration proce- 
dures 

3.1 The Berezin-Toeplitz quantization 

Recall that by the classical Darboux theorem, near each point of a sym- 
plectic manifold (M, lo) one can choose local coordinates px,qi, ...,p n ,q n so 
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that in these coordinates u = Y^j=i dpj A dqj. The space C°°(M) of smooth 
functions on M is equipped with the Poisson bracket {f,g}, which in the 
Darboux coordinates (p, q) is given by 

{/ g}(p q) = — ■ — - — ■ — 
dq dp dp dq 

Let (M, u) be a closed symplectic manifold whose symplectic form rep- 
resents an integral de Rham cohomology class of M. In what follows such 
symplectic manifolds will be called quantizable. The Berezin-Toeplitz quanti- 
zation [2], [3], HH SI [271 El] consists of a sequence of finite-dimensional complex 
Hilbert spaces H m , m — > oo of the increasing dimension and a family of sur- 
jective M-linear maps T m : C°°(M) — > C(H m ) with the following properties: 

(BT1) T m (l) = 1; 

(BT2) T m (f) > for / > 0; 

(BT3) \\T m (f)\\o P = H/H + 0(l/m); 

(BT4) (the correspondence principle) ||z • m[T m (/), T m (p)] - T TO ({/, flr})[|op = 
0(l/m); 

(BT5) ||T m (/ 2 )-T m (/) 2 || op = 0(l/m), 

as m — i- oo for all f,g G C°°(M). Here ||/|| = max|/(x)| stands for the 
uniform norm of a function / G C°°(M), {/, g} for the Poisson bracket, 
| |^4||op for the operator norm of A G C(H) and [A, B] for the commutator 
AB — BA. The number m plays the role of the quantum number, while the 
Planck constant h equals 1/m, so that m — > oo is the classical limit. As an 
immediate consequence of (BT3) and (BT4) we get that 

\\m[T m (f),T m (g)] \\ op = \\T m ({f,g})\\ op + 0(l/m) 

= \\{f,g}\\ + 0(l/m) (15) 

for all smooth functions /, g on M. 

The Berezin-Toeplitz quantization can be described in the language of 
POVMs : There exists a sequence of £(if m )-valued POVMs G m on the sym- 
plectic manifold M equipped with the Borel cr-algebra so that 

T m (f) = [ fdG m . (16) 



18 



This follows from Proposition 1.4.8 of Chapter II in [22J (the argument of 
[22] is repeated in [32J). Property (BT5) deserves a special discussion. Let 
f,g G C°°(M) be any two functions. Assume without loss of generality that 
< 1 and (HI < 1. Then A Gm (f) = T m (f 2 ) - T m (f) 2 and hence by (JIT]) 



and f[T5|) above 

||T m (/ 2 ) -TUmili 2 ■ \\T m {g 2 )-T m {gf\\]l p 2 

>l-\\[TUf),TU9)}\\o P =\\{f,g}\\/(2m) + 0(l/m 2 ) . (17) 

Assume now that the function / is non-constant. Then there exists a function 
g with {/, g} ^ 0, and we conclude that T m (f 2 ) ^ T m (f) 2 for all sufficiently 
large m. 



3.2 Registration 

Let (M, to) be a closed connected symplectic manifold playing the role 
of the phase space of a classical system. Take a finite open cover U = 
{U\, Ul} of M. A partition of unity / = subordinated to U 

is a collection of smooth non-negative real-valued functions fi on M with 
supp(/i) C Ui and fi + ... + /l = 1. Here supp(/) stands for the support 
of the function /, that is for the closure of the set {/ ^ 0}. Such partitions 
of unity naturally appear in the following registration procedure [32]: every 
point z G M is registered with probability fi(z) in exactly one of the subsets 
Ui of the cover containing this point. This procedure can be considered as 
an attempt of phase space localization of the classical system with respect 
to the cover U: It yields an answer to the question 'Where (i.e. in which set 
Uj) is the system located?' 

Example 3.1. Fix a Riemannian metric on M and a number r > which 
is sufficiently small in comparison with the injectivity radius of M. Let 
p be the correspondent distance function. For a point z G M denote by 
D(z,r) the open metric ball of radius r centered at z. A (necessarily, finite) 
collection of distinct points {zi, Zl} in M is called r j 2- separated (cf. [6J) if 
p(zi, zj) > r/2 for all i ^ j. Take any r/2-separated collection and add points 
to it keeping it r/2-separated until the process terminates. The resulting 
collection, say, Z is maximal: there is no r/2-separated collection containing 
it as a proper subset. In other words, every point z G M lies at distance 
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< r/2 from some Zj G Z. Therefore the balls D(z,r/2), z G Z cover M. We 
call the cover {D(z, r)}, z E. Z greedy (by technical reasons, it is convenient to 
deal with balls of radius r as opposed to r/2). The corresponding registration 
problem reflects a naive attempt of phase space discretization. 

Example 3.2. Take a smooth function F : M — > R. Consider the closed 
interval I := [min F, max F] . Let {Wi} be a cover of / by open intervals of 
length < c, and let {hi} be smooth functions R — > [0,1] so that ^2 hi — 1 on 
I and each hi is supported in Wj. Then the functions hioF form a partition 
of unity subordinated to the open cover {F~ l {Wi}} of M. The outcome of 
the corresponding registration procedure can be spelled out as follows: the 
value of F at a given point z G M lies in the interval Wi with the probability 
Pi = hi(F(z)). Thus the registration procedure yields an approximation to 
the genuine value F(z) with the error c. This example will serve as a starting 
point of our discussion on approximate measurements in Section 17.31 below. 

In order to describe a quantum counterpart of the registration procedure, 
fix a scheme T m of the Berezin-Toeplitz quantization. It takes the partition of 
unity {fi} to an £(# m )-valued POVM on the finite set Vt L = {1, L}, 
where Al := T m (fi). Being prepared in a pure state [£] G F(H m ), |£| = 1, 
the quantum system is registered in the set Ui with probability (T m (/j)£, £). 

3.3 The noise indicator: a single partition of unity 

Fix a scheme of the Berezin-Toeplitz quantization T m : C°°(M) — > C(H m ). 
For a partition of unity / = {fi}, i = 1, L of M consider the POVM A^ m ' = 
{T m (fj} and focus on the sequence of non-negative numbers m-J\fi n ({T m (fi)}, 
m > 0, where Afi n stands for the inherent noise. First of all we claim that this 
sequence is necessarily bounded from above (this justifies inequality (J2J) from 
the introduction). Indeed, observe that A^ is a smearing of the Berezin- 
Toeplitz POVM G m , where the smearing operator is given by the partition 
of unity: 




for every x G Kl = [— 1, 1] L . The noise operator can be written as 



A Gm (Tx) = T m {{Txf) - T m {Yxf . 
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Since the functions Fx, x G K L = [— 1, 1} L form a compact subset in C°°- 
topology, the property (BT5) of the Berezin-Toeplitz quantization yields the 
bound 

sup ||A Gm (ra;)||op < D/m 
xeK L 

for some D > 0. By definition, the left hand side of this inequality is > 
J\fi n (A^), and hence m ■ A/i n ({T m (/j)}) < D. The claim follows. Therefore, 
the quantity firif ) '■= lim inf m^oo m-Ni n {{T m (fi)}) is necessarily finite. Now 
we are ready to define one of the central notions of the present paper. 

Definition 3.3. Let U = {U\, ...,Ul} be a finite open cover of a closed 
quantizable symplectic manifold (M,u). The noise indicator of U is defined 

as 

fi(U) := inf fj, T (f) , 

where the infimum is taken over all partitions of unity / subordinated to U 
and over all schemes T m of the Berezin-Toeplitz quantization. 

3.4 The noise indicator: joint measurements 

Consider POVMs = {T m {f % )} and = {T m ( 9j )}, where / = {/,} 
and g = {gj} are partitions of unity on M. 

Proposition 3.4. POVMs and necessarily admit a joint observ- 
able on Q := Ql x &n- 

Let us emphasize that a joint observable is not unique and does not neces- 
sarily has a classical counterpart. 

Proof. Put := T m (figj). Note that since fogj > these operators are 

positive. Since f\gj = 1 and T m is linear with T m (l) = 1, these operators 
sum up to 1. Thus {D^} form a POVM, say on Q. Let us check that 
its marginals are precisely A^ and B^ m \ Indeed, since fi9j = 9j we § e t 
(again by linearity of T m ) that 

Y i D { S L) =T m { 9i ) = Bf> , 

i 

and similarly for A^ m \ □ 



21 



Let 

fi T {f,g) = inf liminf m ■ N m {C {m) ) , 

where the infimum is taken over all joint observables of and B^ m \ 
Put f ■ g '■— {figj}- Since {T m (figj)} provides such a joint observable, 

M/>#) < vAf-g) < oo. 

Definition 3.5. Let U = {Ui, Ul} and V = {Vi, Vn} be a pair of finite 
open covers of a closed quantizable symplectic manifold (M,u). The noise 
indicator of the pair U, V is defined as 

(i(U,V) := inf fi T (f,g) , 

f,9,T 

— * 

where the infimum is taken over all partitions of unity / and g subordinated 
to hi and V respectively and over all schemes T m of the Berezin-Toeplitz 
quantization. 



Observe that the POVM = Ai ■ 8ij, where ^ is the Kronecker delta, is a 
joint observable for two copies of a POVM A = {A^}. Therefore 

fi(U,U) < n(U) . (18) 



3.5 The Poisson bracket invariants 

The objective of the present paper is to find lower bounds on the noise 
indicators in terms of symplectic geometry and topology of the covers. The 
first step in this direction is provided by the correspondence principle (BT4). 

For a partition of unity / = {/«}, i = 1, L introduce the magnitude of 
its Poisson non-commutativity 



Mf) '■= r max „ 1 1 (V) x ifh Y] y*f* 



where as above K L stands for the cube [— 1; 1] L C 1R L (cf. Q above; the 
sub index c stands for classical). Given an open cover U = {Ui, U£) of M, 
define the Poisson bracket invariant pb(U) = inf u c (f), where the infimum is 
taken over all partitions of unity / subordinated to U. 
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Similarly, given a pair of partitions of unity / = {fi}, i = 1,...,L and 
9 = {9j}, 3 = 1,-,N, put 

f c (/, 9) ■= max 1 1 {V ufa V %&}| | . 

x£K L ,y£K N * — ' * — ' 

» i 

Introduce the Poisson bracket invariant of two open covers U and V: 

pb(U,V) = inf max (u c (f),u c (g),u c (f,g)) , (19) 
f,3 v J 

where the infimum is taken over all partitions of unity subordinated to our 
covers. 

Note that pb(U,V) > max(pb(U) , pb(V)) . On the other hand, taking f = g 
in the above definition, we get that pb(U,U) < pb(U). Therefore 

pb{U,U) =pb(U) . (20) 

The next result, which provides a lower bound on the noise indicator in 
terms of the Poisson bracket invariants, serves as a bridge between quantum 
measurements and symplectic geometry. 

Theorem 3.6. (i) For every finite open cover U of M 

^{U)> l --pb{U) . (21) 

(ii) For every pair of finite open covers U and V of M 

//(W,V)>i-p6(W,V). (22) 



Proof. We shall proof fl22|) (the proof is (1211) is completely analogous). Let 
hi and V be a pair of open covers of a closed symplectic manifold (M,u). 
Let / = {fi}, g = {gj} be any partitions of unity subordinated to U and 
V respectively. Let be any £(if m )-valued POVM providing a joint 

measurement for = {T n {fi)} and fiH = {T m { gj )}. If pb(U,V) = 

0, f )22|) follows automatically. Otherwise, take any positive number p < 
pb(U,V). Observe that by flS) 

max (v q {A {m) ), ^(^ (m) ), ^g(A (m) , B^')) 
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= — • max(z/ c (/), u c (g), u c (f,g)) + 0(l/m 2 ) > p/m 
m 

for all sufficiently large m. Hence Mi n {C^ m ') > p/(2m) for all sufficiently 
large m by unsharpness principle (I14p. □ 



4 Poisson bracket invariants of fine covers 

4.1 Basic properties of the Poisson bracket invariants 

Recall that VLl stands for the finite set {1,...,L}. Let U = {Ui, U£\ 
and W = {W\, Wk} be two open covers of M. The cover W is called a 
refinement of W if there exists a map : — > Ol such that C for 
all z G fi^. 

Proposition 4.1. pb(U) < pb(W) whenever W is a refinement ofU. 

Proof. Let g = {g±, ...,gK} be any partition of unity subordinated to W. For 
I E Ql put 

fi= 9i ■ 

iecp-Hi) 

The collection of functions / = {//} is a partition of unity subordinated 
to U. Further, given x G K L = [— f,l] L , the function ^Xifi is a linear 
combination of ^'s with coefficients from [—1, 1]. Thus v c {f) < v c (g). Since 
pb(U) < ^ c (/), we get that pb(U) < f c {g) for every g. Therefore pb(U) < 
pb(W). □ 

For two open covers U and V denote by U ■ V the cover {Ui fl Vj}. 

Proposition 4.2. 

max(p6(W),p6(V)) < pb(U ■ V) < Apb(U, V) . 

Proof. The inequality on the left immediately follows from Proposition 14.11 
Let us prove the inequality on the right. 

Take any partitions of unity / = and g = {gj} subordinated to 
coverings U and V respectively. Put 

a := max (v c (f), v c (g), is c (f, . 
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Look at the partition of unity f-g — {fiQj} subordinated to the cover {UiDVj} 
of M. Note that 

{fi9j, fk9i} = fifk{9j, 9i} + 9j9i{fh fk} + fi9i{9j, fk} + 9jfM, 9i} • (23) 
Choose arbitrary weights and yu in [—1; 1]. Put 

i k j I 

Fix a point z£M and put 

J ( z ) = \ {^2 x ijfi9j'^2ykifk9i}{z)\ ■ 

i,j k,l 

Calculating with the help of fl23|) and estimating, we get that 
I(z) < h(z) + I 2 (z) + h(z) + h(z) , 

where 

h(z) = ^Mz)f k (z)\{(%,Gi}(z)\ , h{z) = Y J 9Az)9 l {z)\{F^F?}{z)\, 

i,k j,l 

h{z) = Y,m9i{z)\{G^Fy}{z)\ , h{z) = Y,gi{z)f k {z)\{F*,Gl}{z)\. 

i,l j,k 

Observe that 

\{GlGl}{z)\<u c {{ 9j })<a. 

Thus 

h(z)<a-J2 fi{z)fk{z) = a-J2fi(z)-J2 h{z) = a . 

i,k i k 

Similarly, I a (z) < a for a = 2, 3, 4 and hence I(z) < 4a. Therefore 

v c {f ■ 9) < 4a . 

This yields pb(U ■ V) < 4pb(U, V), as required. □ 
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4.2 Small scales in symplectic geometry 

Recall that a Hamiltonian diffeomorphism is a time one map 0# of a 
Hamiltonian flow on M generated by a (in general, time dependent) Hamil- 
tonian H(z,t) on M. Hamiltonian diffeomorphisms form a group denoted 
by Ham(M). Given a Hamiltonian diffeomorphism G Ham(M), define its 
Hofer's norm [TU] by 



Here the infimum is taken over all Hamiltonians H generating 0, and hence 
Hofer's norm of measures the minimal possible amount of energy required 
in order to generate 0. 

A subset Z C M is called displaceable if there exists a Hamiltonian dif- 
feomorphism of M so that 



where the infimum is taken over all G Ham(M) satisfying (1241) . We put 
E(Z) = oo if Z is non-displaceable. We refer to [3T] for an introduction to 
Hofer's geometry. The sets of displacement energy < r, r — > provide a 
natural family of small scales in symplectic geometry. 

In what follows, we shall need also relative versions of the above notions. 
Let U C M be an open subset. Denote by Ham (U) the subgroup of Ham (M) 
generated by Hamiltonian diffeomorphisms H(z,t) supported in U x [0;1]. 
We say that Z C U is displaceable in U if (T2"4"|) holds for some G Ham(U), 
and we define the relative displacement energy E(Z, U) as the infimum of 
Hofer's norms of such 0. 

4.3 Liouville domains 

The following class of subsets will play an important role below. Let 
U C M 2n be a closed 2n-dimensional submanifold with the interior U and 
the boundary dU. 




<p(Z) n Closure(Z) = 0. 



(24) 



For a displaceable subset Z define its displacement energy 



E{Z) = M\\<f>\\ Hof , 
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Topological assumption: In what follows we assume that all connected 
components of U are simply connected. Let us emphasize that U is not 
assumed to be connected. 

We say that U (resp. U) is a closed (resp. open) Liouville domain [15] if 
there exists a vector field £ on U which is transversal to the boundary dU 
and which satisfies L^uj = u, where L stands for the Lie derivative. The 
vector field £ is called a Liouville vector field. 

Note that at the boundary the field £ points outward. Therefore the flow 
R T : U — > U of £ is well defined for all non-positive times r < 0. This flow 
dilates the symplectic form: R*u = e T u. 

Let £ and 77 be two Liouville vector fields, and R T ,T T , r < be their flows. 
Fix t < and put V = R T (U) and W = T T (U). Observe that T„ t {R_ t )- x {V), 
t G [0, — r] is a symplectic isotopy which takes V to W . Since all connected 
components of U are simply connected, this isotopy is Hamiltonian. By the 
Hamiltonian isotopy extension theorem, this isotopy extends to a Hamilto- 
nian diffeomorphism of U. Since the displacement energy is invariant under 
Hamiltonian diffeomorphisms, the quantity E(R t U, U) does not depend on 
the specific choice of the Liouville field £. 

In what follows it will be useful to rescale the variable r and to adopt the 
following notation: For s G (0, 1] put sU = Ri ogs (U). 

Observe that s\U C s 2 U for s\ < s 2 . The closed set Q := Dsgroi] s ^ ^ s 
called the core of U. We say that the Liouville domain is portable (cf. [?]) if 
Q is displaceable in U. 

For a portable Liouville domain U define a function Fjj(s) = E(sU, U)/s. 
It is defined on (0, 1] and takes values in (0, +00]. By the discussion above, 
Fjj is independent on the Liouville vector field. 

Observe that Fu(s) is finite for s < sq for some so > 0. Further, 
E(stU, U) < E(stU,tU) = tE(slI, U), where the inequality follows from the 
definitions, and the equality from the fact that the pair (U, sU) is confor- 
mally symplectomorphic to (tU,stU). Dividing by st, we get that Fjj(s) is 
non-decreasing on (0, sq]. Define the portability number of U by 

X {U,u) =MFu = )im Fu{s) . (25) 

s—>-0 

Let us emphasize that the portability number is an intrinsic invariant of 
(U,uj): it does not depend on the symplectic embedding U —> M. We put 
x(U,uj) = 00 if U is not portable and abbreviate x(U) when the symplectic 
form u is clear from the context. 
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Example 4.3. Let B 2n (r) be a closed Euclidean ball of radius r centered at 
in the linear symplectic space (M. 2n , dpAdq). This is a Liouville domain with 
the Liouville vector field £ = (pd/dp + qd/dq)/2. Its core coincides with the 
origin, and hence U is portable. Observe that in our notations sB 2n (r) = 
5 2n (ry / s). For s small enough, the displacement energy of B 2n (ry/s) in 
B 2n (r) equals n(r^fs) 2 [2B] and hence x{B 2n (r)) = irr 2 . 

Example 4.4. More generally, every star-shaped bounded domain with 
smooth boundary in M. 2n is portable Liouville. This yields that given a closed 
symplectic manifold (M, u) equipped with a Riemannian metric, all metric 
balls of a sufficiently small radius are portable Liouville. 

Observe that the disjoint union of two closed Liouville domains is again 
a closed Liouville domain. The following property of the portability number 
will be useful for our purposes. Let U and V be a pair of disjoint closed 
Liouville domains. Since F UuV = max^Fu , F v ) , 

x(UUV)=m a x(x(U),x(V)) . (26) 

4.4 Main theorems on fine regular covers 

We write U for the closure of a subset U. Let U = {Ui, Ul} be an open 
cover of a closed symplectic manifold (M, ui). We say that the degree of U is 
< d if every subset Uj intersects closures of at most d other subsets from the 
cover. For a subset X C M define its star St(X) as the union of all Uis with 
Ui H X ^ (/). The p times iterated star (for brevity, p-star) St(...(St(X)...) is 
denoted by St p (X). Put 

E p {U) = max £([/;, SUUi)) . 

i 

We say that the cover U is (d,p) -regular if the degree of U is < d and 
E P (U) < oo. The latter condition means that every subset Uj is displaceable 
in its p-star. Let us emphasize that the notion of (d, p)-regularity and as well 
as the quantity E p is invariant under symplectomorphisms of M. 

Example 4.5. Let U be a greedy cover responsible for the phase space 
discretization into Riemannian balls of radius r, see Example 13. II above. For 
all < r < ro this cover is (d, p)-regular with E P {U) < nr 2 , where the 
constants r Q ,d,p and k depend only on the symplectic manifold (M,u) and 
the Riemannian metric p. The proof will be given in Section 14.61 
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The moral of this example is that for some positive integers d, p the following 
holds true: for every e > every finite open cover V of M admits a (d,p)- 
regular refinement with E p < e. In view of this we shall refer to E P {U) as to 
the magnitude of localization of U. The magnitude of localization could be 
arbitrarily small while the parameters d, p remain bounded. 
An important property of (d, p)-regular covers is as follows. 

Proposition 4.6. Every (d,p)-regular cover U is a refinement of a cover 
W = {W±, Wn} where N depends only on d,p and E(Wj) < E P {U) for 
all j . 

Let us pass now to fine open covers U by portable Liouville domains. In 
this case we keep track of the degree of the cover and measure the magnitude 
of localization with the help of the quantity := max J x(L r j). Again, 

greedy covers of a sufficiently small radius provide an example of a Liouville 
cover of bounded degree with an arbitrary small magnitude of localization 
(see Example 14.41 above) . 

Proposition 4.7. Every degree < d cover U by portable Liouville domains 
is a refinement of a cover W = {W±, Wn} by portable Liouville domains, 
where N < d + 1 and x(U) = *(>V). 

The main result of the present section is as follows: 

Theorem 4.8. Let W = {Wi, Wn} be an open cover of a closed symplec- 
tic manifold (M,u). Assume that 

(i) either all subsets Wj are displaceable with E(Wj) < A. 

(ii) or 7r 2 (M) = 0, and all subsets Wj are Liouville with x^Wj) — A. Then 

pb{W) > C(iV)^ 1 , (27) 
where the constant C(N) depends only on N. 

In (ii) 7T2(M) stands for the second homotopy group of M. The condition 
7T2(M) = means the every sphere in M contracts to a point. It holds, 
for instance, when M is the In- dimensional torus. This condition cannot 
be lifted: one can show that Theorem ( l4.8]) (ii) is wrong as stated for the 
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sphere S 2 . It would be interesting to explore whether the statement could 
be modified so that it will hold for all closed symplectic manifolds. 

In view of Propositions 14.61 and 14.71 we get that for a (d, p)-regular cover 
(resp., a Liouville cover of degree < d) with the magnitude of localization A 

pb{U) >C-A'\ (28) 

where the constant C depends only on d, p (resp. only on d). By Proposition 
14.11 the same inequality holds for refinements of these covers. 

4.5 Combinatorics of covers 

Our next goal is to prove Propositions 14. 61 and 14. 71 It would be convenient 
to introduce the following combinatorial language. Let U = {U\, ...,Ul} be 
an open cover of a closed manifold M. Define the graph T whose vertices 
form the set VLl = {1, L}. Vertices i and j are joined by an edge if and 
only if Ui D Uj ^ 0. Let 7 be the graph metric on T: the distance between 
two vertices is defined as the number of edges in the shortest path connecting 
them. Denote by d(U) the maximal degree of a vertex in T. 

Recall that the chromatic number of a graph is the smallest number of 
colors needed to color the vertices so that no two adjacent vertices share the 
same color. It is well known that the chromatic number does not exceed d+1 
where d is the maximal vertex degree of the graph. 

Proposition 4.9. For every k G N the vertices of T can be colored into 
< d(U) k + 1 colors in such a way that every two vertices of the same color 
lie at the distance > k + 1. 

Proof. Denote by T fc a graph whose vertices coincides with the ones of T, 
and where two vertices are connected by an edge if and only if the distance 
between them is < k. Clearly, the maximal degree of a vertex in T k does not 
exceed a := d{U) k . Therefore its chromatic number does not exceed a + 1. 
By definition, this means that T k can be colored in < a + 1 colors so that 
any two vertices i,j of the same color are not connected by an edge in T fc . 
This means the > k + 1. □ 

Proof of Proposition [476t Let U = {U\, Ul} be a (d,p)-regular open 
cover of M. By Proposition 14.91 the sets Uj can be colored in N < d 2p + 1 
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colors so that for every two sets Ui and Uj of the same color the stars St p (Ui) 
and StpiUj) do not intersect. For a G {1, ...,N} denote by I a the set of all 
indices i such that Ui is of color a. Put W a = U^iJJi. The cover U is a 
refinement of {W a }. Since for all i G I a the set C/j is displaceable in St p (Ui) 
and the stars St p {Ui) are pairwise disjoint, 

E(W a ) < E{U i&Ia U u U l&Ia St p {Ui)) = 

maxE(Ui,St p (Ui)) < E P (U) . 
iei a 

This completes the proof. □ 

Proof of Proposition 14. 7\ Let U = {U\, Ul} be a <i-regular finite open 
cover of M so that all subsets Uj are open portable Liouville domains. The 
elements of the cover can be colored in N < d + 1 colors in such a way that 
for every two subsets U, Uj of the same color U PI Uj = 0. For a G {1, N} 
denote by I a the set of all indices i such that Ui is of color a. Put W a = 
U ie iJJi. The cover U is a refinement of {W 7 ^}. Since W a is the disjoint union 
of Liouville domains, it is again a Liouville domain with 

x(W a ) = maxx(Ui) , 
so that x(W) = This completes the proof. □ 

4.6 Regularity of greedy covers 

In this section we justify the claim of Example 14.51 Let U be a greedy 
cover responsible for the phase space discretization into Riemannian balls of 
radius r, see Example 13. II above. We identify the vertices of the graph T with 
the set Z consisting of the centers of the balls. With this language z, w G Z 
are connected by an edge if and only if p(z, w) < 2r. For a vertex z G Z we 
denote by Stk(z) C M its fc-star. We tacitly assume that all the distances 
appearing below are small in comparison with the injectivity radius of the 
Riemannian metric p. 

Step 1: Fix k e N. We claim that D(z,kr) C St k (z) for all sufficiently 
small r. Indeed, suppose that p(z, w) < kr, where k G N and z G Z. Joining 
z and w with the shortest geodesic and partitioning, we get points 

M = Z,U X , ...,U k -l,U k = W 
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with p{ui, u i+ i) < r for all i = 0, k — 1. Each points itj lies at the distance 

< r/2 from some point G where we put u' = z. By the triangle 
inequality, p{u'^u' i+ ^) < 2r and hence the graph distance j(z,u' k ) is < k. 
Since w G D(u' k ,r) we conclude that 10 G Stk(z). The claim follows. 

Step 2: We claim that the degree of every vertex z G Z in the graph T is 

< <i where d depends only on the Riemannian metric. Indeed, let v(r) (resp. 
V(r)) be the minimal (resp. the maximal) volume of the Riemannian ball of 
radius r on M. Put 

b= sup V(3r)/v(r/A) . 

0<r<ro 

Let d z be the degree of a vertex z G Z in the graph T and Y be the set 
of neighbors of z. Since the distance between each two of the neighbors is 
> r/2, the balls D(y,r/4), y G Y are pairwise disjoint. At the same time 
p{ z ,y) < 2r for all y G Y and hence D(y,r/4) C 3r). Therefore, 

U yey %r/4)cD(z,3r). 

It follows that d z • v(r/4) < V(3r) and hence d < b. 

Step 3: Choose r± > small enough such that for every j and < r < r\ the 
ball D(z, r) lies in a Darboux chart of (M, w). We can assume that for every 
z G Z this chart is identified with the standard symplectic ball Bir?) C M 2n , 
where z corresponds to the origin G M 2ra . Furthermore, for some positive 
constants a < b 

B(ar) C D(z,r) C B(br) Vr G (0, ri), z G Z . 

In particular, we have that for r small enough 

D(z, r) C B(br) C S(106r) C D(z, cr), c = 106/a . 

Fix an integer p > c. By Step 1 we have that D(z, cr) C St p (z). Comparing 
the displacement energies we get that 

E(D(z, r), St p (z)) < E(B(br),B(10br)) = nb 2 r 2 . 

Therefore the greedy cover U is (d, p)-regular with E p {U) < nb 2 r 2 . This 
proves the claim of Example 14.51 □ 
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5 Symplectic geometry of fine covers 

The rest of this section is dedicated to the proof of Theorem 14.81 



5.1 Algebraic preliminaries 

Let us recall algebraic preliminaries which are borrowed from [16]. Let Q 
be a group, and let c : Q — > R be a function with the following properties: 

(i) c(l) = 0; 

(ii) c^- 1 ) =c(V) V0,^G£; 
(hi) c(0V) < c(0) + c(^). 

We start with the following two observations. First, the function 

is a pseudo-norm on G. This means, by definition, that q(l) = 0, q is 
symmetric: g(0) = and q satisfies the triangle inequality q(<t>ip) < 

g(^) + In addition, g is conjugation invariant: g(0^0 _1 ) = 

Second, we claim that for every <fi G the limit 

<x(0) := lim c((f) k )/k 

k— >oo 

is well defined. Indeed, put a k = A;c(0 _1 ) + c(0 fc ). Then a k > c(0~ fe ) + c(0 fe ) > 
and cik + i < afc + a\. The subadditivity implies that the limit lim^oo a^/h 
is well defined, and hence 0"(0) is well defined. The claim follows. 

Proposition 5.1. 

|<7(#)-(7(0)-<7(V)| <min(g(0),<z(V)) (29) 

/or all <j),ip E Q . 

Proof. We start with the formula 

fc 

((j)^ = e<j) k , where = J]V V>0 _i • (30) 

i=l 
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1) Note that 

kc(ip- 1 ) + c(ip k ) > c{ip- k ) + c{ip k ) > , 

and hence 

kc(ip) = kq(ip) - kci^)' 1 ) < kq(ip) + c(ip k ) . 

By (SOD 

c((H) k ) < c(9) + c(/) < kc(iP) + c((j) k ) < kq(i/j) + c^J k ) + c(0 fc ) . 
Dividing by k and passing to the limit as k — > oo we get that 

<t(W>) - a{<j>) - < qty) ■ (31) 

2) Note that 

kc^ 1 ) = -kc(ip) + kq(ifj) < -c(ip k ) + kq(ip) . 

By <m, 



c 



< c(e- r ) + c{{U) k ) < kc^- 1 ) + c((#)' 



Combining these inequalities we get that 



c 



j*) < _ c (^) + fcg(V)) + c((^) fc ) 



Rearranging the terms, dividing by k and passing to the limit as k — > oo we 
get that 

Together with (|3~T|) this yields 

|(7(0^)-(t((/»)-(7(V)| <g(V) • 

Since c is conjugation invariant, a is also conjugation invariant and thus 
cr((f)ip) = a(ip<p). Repeating the above arguments we get that 

|<7(#)-<7(0)-<7(V>)| <q{4>) ■ 
Together with the previous inequality this yields ( |29|) . □ 
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5.2 Spectral invariants 

Let (M, u) be a closed symplectic manifold. Denote by F the space 
of all smooth functions F : M x [0, 1] — > R. Given such an F, we write 
F t (z) := F(z,t). For an open subset U C M introduce the subspace F{U) 
consisting of all F £ J 7 such that is supported in Z7 for all t £ [0;1]. 
Let Q be the universal cover of the group of Hamiltonian diffeomorphisms of 
(M,oj). Given a Hamiltonian F £ F, we write 0^ for the Hamiltonian flow 
generated by F, and 4> F for the element of Q represented by the path {0^}, 
t £ [0; 1]. Given an open subset U £ M, Hamiltonians from F(U) generate 
a subgroup Q{U) C Q. 

In what follows we are going to use the technique of spectral invariants 
introduced in [35J [29J . We denote by c : Q — > R the spectral invariant 
associated to the fundamental class of M. The function c satisfies properties 
(i)-(iii) from Section [57T1 above. We keep notations q(<p) = c(<f>) +c(0~ 1 ) and 
cr(<f>) = lim fc ^oo c(cj) k )/k introduced in this section. For a function F £ T 
define its mean value as 

/F) £j M Fu»-dt 

' = f n ' 

where dimM = 2n. Introduce the partial symplectic quasi-state [16J ( : 
C°°(M) -> R by 

C(F) = a{<f> F ) + (F) . 

Let us list some additional properties of these functionals which will be 
used below (see [HUH?]): 

Stability: 

\{c{<p F ) + (F)) - (c(0 G ) + (G))\ < f \\F t - G t \\ dt (32) 

Jo 

and 

|KF) + (F))-(a(0 G ) + (G))|< / ||F t -G? t ||dt. (33) 

Homogeneity: The functional ( is R + -homogeneous: ((sF) = s((F) for 
all s > 0. 

Vanishing: A key property of ( is that CC^ 1 ) = provided the support of F 
is displaceable. Further (see [TB] ) 

g(0) < 2E(C/) V0 £ ^(C/) , (34) 
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where E(U) is the displacement energy of U. 

SPECTRALITY (SEE |36j): Finally, let us mention that the number c(0) 



necessarily lies in the action spectrum of <ft, a special subset associated to a 
(lift of a) Hamiltonian diffeomorphism G Q as follows: Represent as <f>p 
for some Hamiltonian F G J 7 . Let 7 = {0^x}, t G [0, 1] be a contractible 
closed orbit of the Hamiltonian flow of F, that is 0^x = x. Choose any 
two-dimensional disc D C M spanning 7. By definition, 

Action(7, D)= f F^x, t) dt - ! u . 

JO J D 

The action spectrum spec(0) C R is defined as the set of actions of all closed 
orbits of with respect to all spanning discs D. The action spectrum does 
not depend on the specific Hamiltonian F generating and is nowhere dense 
in R. Moreover, if ^(M) = 0, all discs D spanning a given orbit 7 are 
homotopic with fixed boundary, so that Lw does not depend on D. In this 
case spec(0) is a compact subset of R. 

5.3 The Poisson bracket inequality 

For F,G G C°°(M) put 

U(F,G) = \C(F+G)-C(F)-C(G)\ and S(F, G) = sup min(g(0 sF ), q(4> sG )) . 

s>0 



Observe that by 

S(F,G) < 2min( J E(suppF),E(suppG')) . (35) 
The next proposition is a modification of a result from |17j . 



Proposition 5.2. For every functions F, G G C°°(M) 

Il(F, G) < ^/2S(F,G)-\\{F,G}\\. (36) 

Proof. Let /t,<ft be the Hamiltonian flows of F, G, respectively. Set H = 
F + G, K t — F + Go ff . Observe that 4>k = 4>f 4>g- Calculating 

G(ftx) - G{x) = J* j- s G(f s x)ds = J*{G, F}(f s x)ds , 
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we get that \\H - K t \\ = \\G - G o fr 1 ]] = \\Gof t -G\\ < t\\{F,G}\\. Since 
(K) = (F + G), we have by (E3D that 



\<T{<PF+g) ~ 0{<Pf<Pg) 



< j\\H-K t \\dt<±\\{F,G}\\. 



Then 



U(F,G) = \a(cf> F+G ) - a(<j> F ) - a(<f> G )\ < \a(cf> F+G ) - a(<f> F <f> G )\ 

+ |a(0 F G ) - a{<j> F ) - a{<j> G )\ < \\\{F,G}\\ + I , (37) 

where / := \u{4> f 4>g) — c(<Af) — 0"(</>g)|- By Proposition 15.14 / < S(F,G), 
and therefore 

n(F,G)<^\\{F,G}\\ + S(F,G). (38) 
Let us balance this inequality: Take any s > 0, and note that 
U{sF,sG) = s-U{F,G), \\{sF,sG}\\ = s 2 \\{F,G}\\, S{sF, sG) = S{F,G) . 
Substituting into f )38|) and dividing by s we obtain 

U(F,G)<h\\{F,G}\\ + ^l. 



The right hand side is minimized by s = ^/2S(F, G)/\\{F, G}\\, which yields 
n(F, G) < y/2S{F,G)-\\{F,G}\\. 

□ 



Corollary 5.3. Let W = {W\, Wn} be an open cover of M by displaceable 
open subsets. Assume that for every j 

sup q{4>) < Q . (39) 

Then 

pb{W) > 1/(2N 2 Q) . (40) 
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Proof. Let / = {/i,...,/jv} be any partition of unity subordinated to W. 
Observe that C(fi) = since the support of is displaceable. Put = 
fi + -+fk- By flU]), 

C(<7fc+i) < C(9k) + ■ 

Thus 

1 = C(9n) < N^2Qv c (f) , 
and hence v c {f) > l/(2N 2 Q). This yields gO]). □ 

5.4 Proof of main theorems on fine regular covers 

Proof of Theorem I4.8l (i): Let (M,u) be a closed symplectic manifold, 
and let W = {Wi, Wn} be an open cover of M such that all subsets Wj 
are displaceable with E(Wj) < A. Applying Corollary 15.31 combined with 
formula (1341) to the cover W we get that 

pb(W) > C(N) ■ A' 1 , 

the positive constant C(N) depends only on N. □ 

In order to prove the second part of the main theorem, we shall need the 
following auxiliary statement. 

Proposition 5.4. Let (M,u) be a closed symplectic manifold with ^(M) = 
0. Let W C M be a portable closed Liouville domain. Then for every <f> G 
G(W) 

q{cj>) < 2 X {W) (41) 

Recall that according to our conventions, W is the interior of W and all 
connected components of W (and hence of W) are simply connected. 

Proof. Let R T , r < be the flow of the Liouville vector field. Take any 
u G (0, 1) such that uW is displaceable in W with the displacement energy 
E u . Suppose that (f> = <pp, where F G F(W). Write f t for the Hamiltonian 
flow of F so that f\ = 0. Define a path of Hamiltonian diffeomorphisms fj; s \ 
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s G [u, 1] as -Riogs/t-Rjogs 011 S W and as the identity outside sW . Observe 
that for every s the path {/ f } is generated by the Hamiltonian 

F s (z,t) = sF(R-l s z,t) . (42) 

Put = f[ s) . 

Consider the following subset of the plane 1R 2 equipped with the coordi- 
nates (s, a): for every s G [u, 1] mark on the line sxt the action spectrum of 
00). We claim that this set is a disjoint union of segments lying on straight 
lines passing through the origin. Indeed, 7 is a contractible closed orbit of 
{ft} if and only if 7,, := R\ og sl is a contractible closed orbit of {ft^}- Since 
7T2(M) = 0, the action of a contractible closed orbit does not depend on the 
choice of the spanning disc. Since W is simply connected, 7 can be spanned 
by a disc D C W, and hence 7 S can be spanned by D s := R logs D. Taking 
into account that f D 00 = s ■ f^D and by using ( l4"2"j) we get that 

Action(7 s , D s ) = s ■ Action(7, D) . 

This yields the claim. Remembering that the action spectrum is nowhere 
dense and that c(0^ s ^) G spec(0^ s ^) depends continuously on s, we conclude 
that c((f>^) = sc(4>). Similarly, c((0^^) _1 ) = sc(0 _1 ), and so g(0 < - s - ) ) = sq(4>) 
for all s G [u, I). By flS}, q(<p {u) ) < 2E U and hence q(<j>) < 2E u /u. Passing 
to the limit as u — > 0, we get that q{(j>) < 2x(W), as required. □ 

Proof of Theorem I4.8( ii) Let (M,u) be a closed symplectic manifold with 
7r 2 (M) = 0. Consider a cover W = {Wi, Wat} such that all subsets subsets 
Wj are Liouville with xiWj) ^ A. By Proposition 15.41 

sup q{4>) < 2A (43) 

for every j = 1,...,N. Applying Corollary 15.31 to the cover W we get that 
pb(W) > C(N)A-\ □ 

6 Geometry of overlaps 
6.1 ^64-invariant 

We start with the definition of the Poisson bracket invariant pb^, which 
was introduced and studied in [3]. Let X , X 1 , Y , Y\ be a quadruple of com- 
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pact subsets of a symplectic manifold (M, u) satisfying an intersection con- 
dition 

x n Xt = y n Y x = . 

One of the equivalent definitions of p6 4 is as follows, see [5j Proposition 1.3]: 

p6 4 (Xo,X 1 ,yo,Y 1 )=inf||{/^}||, 

where the infimum is taken over all pairs of functions /, g : M — > [0; 1] with 
/ = near Xo, / = 1 near Xi, g = near Yq and (7 = 1 near Y\. 

Example 6.1. Consider the unit sphere S 2 equipped with the standard area 
form. Let II C S 2 be a quadrilateral whose edges (in the cyclic order) are 
denoted by m, Vi, u 2 , v 2 . By [51 Theorem 1.20] 

ph(u 1 ,u 2 ,v 1 ,v 2 ) = max (l/Area(II), l/(Area(5' 2 ) - Area(II)J . (44) 

The proof of (|44l) presented in [S] is elementary. Let us mention, however, 
that proving positivity of pb^ in specific examples on symplectic manifolds of 
dimension > 4 involves "hard" symplectic techniques such as theory of sym- 
plectic quasi-states (cf. Section l5\2l above) and/or the Donaldson- Fukaya cat- 
egory (see [5]). Interestingly enough, both tools have strong links to physics: 
the former is related to a discussion on non-contextual hidden variables in 
quantum mechanics, while the latter comes from mirror symmetry. 

In what follows we shall need the following obvious monotonicity property 
of p&4 (see [5] Section 2]: Assume that subsets Xq,X[,Yq, Y[ are contained 
in X , X\, Y q , Yx respectively. Then 

pb,(X' Q , X{, F ', Y[) < pb 4 (X , X x , Y , Fx) . (45) 

Furthermore, p6 4 (A , Xi, Y Q , Yi) is invariant under permutations X Q with A 1; 
Yq with Yi and of the pairs (X ,Xx) and (Foj^i)- 

For a subset U C M denote by U c := M \ U its set-theoretic complement. 
Let U = {Ui, Ul} be an open cover of a topological space M. Given a 
subset JcQi = {l,..., L}, put 

U(I):= (U^)'' (46) 
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and 

A(W,J)= |J U a nU p . (47) 

aei,/3ei c 

The subset £/(/) is closed and A(W, /) is open. The manifold M is decom- 
posed into the union of three disjoint subsets 

M = U(I) U A(W, I) U U(I C ) . (48) 

We call A(U, I) an overlap layer of the cover U. 
The main result of the present section is as follows. 

Theorem 6.2. Let U = {Ui, U£\ and V = {Vj, V^} &e two finite open 
covers of M. Then for every I C Ql and J C Qn 

pb(U, V) > 4pb 4 (U(I), U(I C ), V(J), V(J C )) . (49) 

In view of decomposition (jig]) , the value of pb 4 (U(I), U(I C ), V( J), V( J c )) 
depends only on relative position of overlap layers A(U, I) and A(V, J). Note 
also, that since pb(U,U) — pb{U) by (l2"0j) . the theorem is applicable to a single 
cover. It implies that for all /, J 

pb{U) > Apb 4 (U(I), U(I C ), U(J), U(J C )) . (50) 

6.2 Two- sets covers 

Consider a pair of open covers consisting of exactly two sets, U = {Ui,U 2 } 
and V = {Vi, V2}. The corresponding partitions of unity necessarily have the 
form /, 1 — / and g, 1 — g. It turns out that in this case the Poisson bracket 
invariant pb coincides (up to a multiple) with the invariant pb^ introduced 
in Section 16.11 above. Recall that U c stands for the complement M \ U of a 
subset U C M. 

Proposition 6.3. Let U = {U\, U2} and V = {Vi, V2} be two open covers of 
a closed symplectic manifold (M, u) . Then 

pb(U, V) = 4pfo 4 (C/r, U c 2) V{, V 2 C ) . (51) 
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Proof. 1) Consider two partitions of unity f,l — f and g, 1 — g denoted by Sf 
and S g respectively. Observe that they are Poisson commutative and hence 
v c {Sf) = v c (S g ) = 0. We claim that 

u c (S f ,S g ) = A\\{f,g}\\. (52) 

Indeed, 

{xif + x 2 (l - f), yig + (1 - g)} = Oi - x 2 )(yi - yM,g) • 
Maximizing over x iy yj G [—1,1], we get (152"]) . 

2) Let W = {Z7i, L^} and V = {14, V2} be two open covers of M. Consider 
any two partitions of unity /, 1 — / and g, 1 — g subordinated to U and V 
respectively. Denote them by Sf and S g . Since supp(/) C U\, 

XJ{ C W := M\supp(/) . 

Note that / vanishes on W and hence / vanishes near f/f. Similarly, / = 1 
near # = near and g> = 1 near Vy. Therefore by 0521) 

pb(U, V) > Ap , (53) 

where p := pb^Uf, U^, Vf, V^)- 

3) Consider any pair of functions /, g : M — > [0; 1] so that / = near Z7f, 
/ = 1 near f/f , = near and g = 1 near V 2 C . In particular, / vanishes 
on some open set X containing C/f. Therefore the open subset {/ 7^ 0} is 
contained in a closed subset X c . Thus 

sup P (/) crc^. 

Applying the same argument to the functions 1 — f,g and 1 — g we get that 
/, 1 — / and g, 1 — g are partitions of unity subordinated to covers U and V 
respectively. By f )52|) . we have that 4p > pb(U,V). Together with (153]) this 
yields p6(W, V) = 4p, as required. □ 

6.3 Proof of Theorem IOI 

Let U = {Ux, Ul} and V = {Vi,...,Vjv} be open covers of M. Fix 
non-empty subsets I d VL L = {1, ...,L} and J C fijv- We shall assume that 
their complements I c and J c are non-empty. Put 

W x = |J W 2 = |J , 

«e/ ,9e/ c 
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Z x = |J V a , Z 2 =\JVp. 

With this notation (cf. formula (j46p ) 

U{I) = Wl U(I C ) = W c 2 , V(J) = Z\, V{J C ) = z c 2 . 

Take arbitrary partitions of unity / = {fx, /^} and g = {gi, gjv} sub- 
ordinated to U and V respectively Put := J2 aeI f a anc ^ ^ := EaeJ^«- 
Then 1 - = £^ eJe U and 1 _ ^ = E/3 G J c Thus for x i> ^ e [-1; 1] 

Xi0 + a; 2 (l - 0) =xi^/ Q + X2^//3 , (54) 

and 

xiip + x 2 (l - ip) = xi ^g a + x 2 2j • (55) 

Observe that the partition of unity consisting of 0, 1—0 is subordinated 
to the cover W := {Wi,W2}, and the partition of unity consisting of 
■0, 1 — ip is subordinated to the cover Z := {Z\,Z 2 }. By (|54|) and (|55|) 

f c (/,0) > v c {S^, S$) . 
Since and are commutative partitions of unity this yields 

pb(U, V) > pb(W, Z) = Apb A (U(I), U(I C ), V(J), V{J C )) , 
where last equality follows from Proposition 16.31 above. □ 

7 Back to quantum mechanics 

7.1 Phase space discretization: a noise-localization un- 
certainty relation 

Let (M, oS) be a quantizable closed symplectic manifold. Let U be either 
a (d, p)-regular cover, or a degree < d Liouville cover. In the latter case 
assume that n 2 (M) = 0. Write A for the magnitude of localization of U. 
Combining Theorem I3.6( i) with fl28|) we get the following lower bound on 
the noise indicator of U: 

H{U) > CA' 1 , (56) 
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where the constant C depends only on d and p (in the case of Liouville covers, 
only on d). 

This inequality can be spelled out as follows. Fix a scheme of the Berezin- 
Toeplitz quantization T m : C°°(M) — > C(H m ). For any partition of unity 
/ = of M subordinated to U consider the POVM = {T m (fj)} cor- 
responding to the quantum registration problem associated to U. Recalling 
the definition of the noise indicator and the equality H = 1/m we get the 
following noise-localization uncertainty relation stated in Theorem 11.11 

Mn(^ W ) • A > Ch Vm > m , (57) 

where the number mo depends on the Berezin-Toeplitz quantization T and 
the partition of unity {fj}. In other words, a sufficiently fine phase-space 
localization of the system yields inherent quantum noise. 

7.2 Overlap induced noise 

Let U = {Ui, Ul} and V = {Vi, Vjy} be two finite open covers of 
a closed quantizable symplectic manifold (M,co). Consider POVMs = 
{T m (fi}} and 5 (m) = {T m (gj)}, where / = {/,} and g = {gj} are partitions 
of unity on M, associated to a pair of registration procedures. Let be 
any joint observable of A^ and existing by Proposition l3.4l Combining 
Theorems I3.6( ii) and Theorem 16.21 we get that for all I C Ql an d J C Qn 

N in {CW) > 2pb 4 (U(I),U(I c ),V(J),V(J c )) ■ h 

for all sufficiently large quantum numbers m. A similar statement holds true 
in the case of a single cover, see Theorem II .21 of the introduction which is an 
immediate consequence of Theorem I3.6( i). equality f l2"U|) and Theorem 16.21 

Interestingly enough, in certain situations geometry of overlaps provides 
better bounds for the inherent noise than the ones coming from the phase 
space localization. Let us illustrate this in the context of joint measurements 
of POVMs associated to a pair of registration procedures. Let (M, u) be 
a quantizable closed symplectic manifold. Consider a pair of open covers 
consisting of exactly two sets, U = {Ui, U2} and V = {Vi,^}. The corre- 
sponding partitions of unity necessarily have the form /, 1 — / and g, 1 — g. 
The Berezin-Toeplitz quantization takes these partitions into commutative 
POVMs T m (f), 1 — T m (f) and T m (g), 1 — T m (g) on the two-point space Q 2 - 
Each of them is a simple observable in the terminology of [UJ. We refer to 
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Figure 3: A pair of covers of the sphere by two discs. 



[TT] for various results on joint measurements of a pair of simple observables. 
Applying inequality ( 149|) with J = J = {l}cfi 2 ,we get that for the two-set 
covers 

//(W, V) > 2pb 4 (U c 1 , f/ 2 c , V{, V 2 C ) . (58) 



Example 7.1. Consider the unit sphere S 2 equipped with the standard area 
form. Consider a pair of two-set covers U and V such that Ui, U 2 , V\, V 2 are 
topological discs with smooth boundaries and the overlap layers A(U) := 
U\ H U 2 and A(V) := V\ fl V2 are annuli with the boundaries 

dA(U) = dUi U dU 2 , dA(V) = dV x U dV 2 . 

Assume that the intersection A(U) fl A(V) contains a quadrilateral II with 
edges (in cyclic order) Ui,Vx,u 2 ,V2 lie on Ei := dU\,S\ := dVx,R 2 '■= 
dU 2 , S 2 := dV 2 respectively. This is illustrated on Fig. [31 where the disc 
Ui lies to the right of the circle R\, U 2 to the left of R 2 , V\ above Si and 
V 2 below 5*2. The overlap layers U\ fl U 2 and V\ fl V 2 are gray while the 
quadrilateral II is black. Observe that by ( l45p and 



ph(U£, U 2 , V{, V 2 ) > ph(m, u 2 , ui, v 2 ) > ' 



Area(II) 
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and hence by 

Another route which could lead to the lower bound on the noise indicator 
H(U, V) is as follows: Recall that by Proposition WMpb(U, V) > pb(U ■ V)/4, 
and hence 

fM(U,V)>^-pb(U-V). (60) 

For instance, in the situation sketched on Figure [3] the cover U ■ V consists 
of four discs. Denote by A the maximal area of these discs which can be 
interpreted as the magnitude of localization. Since each of these discs (after 
an appropriate smoothing of the boundaries) is a portable Liouville domain, 
Theorem 14.8( h) together with (160 p would yield 

V(U,V) >C-A~ l , 

where C is a numerical constant. This bound on the noise indicator is worse 
than ( |59|) when Area(Il) <C A, or, in other words, when the "characteristic 
scale" appearing in the relative geometry of the overlap layers UxHU^ and 
V\ H Vi is much smaller then the magnitude of localization. 



7.3 Quantum registration and approximate measure- 
ments 

We start this section with some preliminaries on approximate measure- 
ments. Denote by S the set of (not necessarily pure) quantum states p G 
C(H), p > 0, trace(p) = 1. As usually, a pure state [£] G F(H) is identified 
with the projector P G S to the line [£]. For a POVM B on R and a state 
p G S we denote by ps the corresponding probability measure on E: 

p B (X) = trace(p • B(X)) , 

for every Borel subset Xcl. 

Let A be a POVM on R and £ be a projector valued measure on R. 
Roughly speaking, A is an approximation to E if for every state p £ S 
the probability distribution pA is "close" to the probability distribution p#. 
The importance of this notion is due to the fact that in various interesting 
situations, pairs of projector valued measures become jointly measurable only 
after a suitable approximation (see [T2| fTU]). 
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There exist several mathematical ways to formalize the notion of an ap- 
proximate measurement. In what follows we stick to the one proposed in [T2] 
which is based on error bar widths. Here is the precise definition (which is 
slightly simplified in comparison to [12] since we are dealing with POVMs on 
R supported in a finite set of points, cf. [26J): Fix e G (0; 1). Given x G R 
and 5 > we write J Xj g for the segment [x — 8/2, x + 5/2]. Denote by 9 the 
infimum of the set of all w > with the following property: for every i6l 
and p G S 

p E {x) = 1 pa{Jx,w) > 1 - e . 

We shall say that A is an e- approximation to E with the error bar width 8. 

Let us revisit Example 13.21 above: Take a smooth function F : M — > R. 
Consider the closed interval / := [min F, max F] . Let W\, Wn be a cover 
of I by iV open intervals. The sets U k '■= {F^ 1 {W k )} form an open cover 
U of M. Let / = {fx, /at} be any partition of unity subordinated to U. 
Applying the Berezin-Toeplitz quantization, we get a sequence of C(H m )- 
valued POVMs = {A { ™ ] } k=l ^ N on Vl Nj where A { ™ ] = T m (f k o F). 

Assume that the system is prepared in a pure state [£] G F(H m ), |£| = 1. 
The quantity 

Pk ■■= (Tm(h k o F)£,£) 

can be interpreted as the probability of the event that the system is registered 
in the set F~ l {W k ) (see (221 Section 8]), or, in other words, that the value of 
the observable F lies in the interval W k . 

In fact, we shall show now that POVM A^ provides an approximate 
measurement of the quantum observable E^ := T m (F) corresponding to F. 
To make this statement precise, we transform E^ and A (m) into POVMs 
on R as follows. In the case of E^ we use the standard procedure from 
[8]: Let £ (m) = J2*j P j be the spectral decomposition of £ (m) . Put E^ := 

Pjb\j an d consider it as an £(if m )-valued POVM on R representing the 
von Neumann observable E^ m \ In case of A^ we choose in an arbitrary 
way points x k G W k and put A^ = ^ A k m ^5 x 



Theorem 7.2. Suppose that the length of each interval W k , k = 1,...,N 
is less than c. Then there exists a sequence of positive numbers e m — > 
as m —7- oo so that the POVM A^ is an e m - approximation to the sharp 
observable E^ with the error bar width 9 which satisfies 

max F — min F 

8N (61) 
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for all sufficiently large m. 



Remark 7.3. Let F, G be a pair of smooth functions on M. Look at the 
corresponding operators T m (F) and T m (G) considered as (von Neumann) 
quantum observables. In general, these two observables are not jointly mea- 
surable. Theorem 17.21 combined with Proposition 13.41 above show that they 
become jointly measurable after a suitable approximation. The precision of 
the approximation tends to zero in the classical limit, while the error bar 
width remains bounded. 



Proof of Theorem 7.2. Step 1: First of all we claim that for every continu- 
ous function ftonl 

\\T m {hoF)-h{T m {F))\\ op ^0 , as m -> oo . (62) 

Indeed, (I6"2l holds for polynomials by property (BT5) of the Berezin-Toeplitz 
quantization. Approximating h on [— ||.F| | — 1, | \F\ | + 1] in the uniform norm 
by a polynomial and applying (BT3), we get (1621) . 

Step 2: Note that J X)C D Wj — provided Xj ^ J X)ic . For such a j the 
function fj vanishes on the set F~ l (J Xfi ) since it is supported in F _1 (Wj). 
Therefore 

J2 fAv) = l Vy e F-\J x , e ) . (63) 

Step 3: Define a non- negative smooth cut off function ip : R — > [0, 1] so 
that 4j(s) = 1 when |s| < c/8 and ip(s) = when |s| > c/4. For iGl put 
i>x i s ) — ip(x — s). We claim that 

fi>^ oF - ( 64 ) 

Indeed, on -F~ 1 (J :rjC ) the inequality holds by fl63|) . and outside i 71_1 (J 3; ,c) the 
inequality holds since ip x o F vanishes on this set. 

Step 4: For an interval / cl denote by Ij its indicator function. Observe 
that 
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By AMD, 
By (|62D 

T m (^ o F) = MTm(F)) + o(l) > I Jx c/B (T m (F)) + o(l) . 
It follows that there exists a sequence of positive numbers e m — >■ so that 
A (m) (J xAc ) > I Jx:C/s (T m (F)) - e m • 1 . (65) 

Step 5: Recall that we denoted F» = T m (F) and F» := 

where = ^2^jPj is the spectral decomposition of E^ m \ Assume that 

Pg(m) ( x ) = 1 f° r some state p G S and a point igR, This means that 

trace(p • Pj) = 1 . 

j:\j=x 

Since trace(p • F) > for all i and 

trace (p • -Pj) = trace (p) = 1 , 

i 

it follows that 

trace(p-/ Jic/8 (T m (F)) = l. 

By fl65l) we see that 

trace(p-A (m) (J x , 4c )) > 1 - e m . 

By definition, this means that is an e m - approximation of E^ with the 
error bar width 

6 < 2c . (66) 

Step 6: Let J C (mini* 1 , maxF) be a closed interval. We claim that T m (F) 
has an eigenvalue in J for all sufficiently large m. Indeed, let J = J XjW . 
Define a non-negative cut off function : R — > [0, 1] so that <p(s) = 1 when 
\s — x\ < w/8 and 4>(s) = when \s\ > w/A. Assume on the contrary 
that T m (F) has no eigenvalues in J. Then (f>(T m (F)) = 0. By Step 1, 
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<f>{T m {F)) = T m (0(F)) + o(l). By property (BT3) of the Berezin-Toeplitz 
quantization, ||T m (0(F))|| op = l + o(l). This contradiction proves the claim. 

Step 7: Put r = maxF — minF. There exists an open interval J ViW C 
(minF, maxF) with < w < t/4N which does not contain any of the points 
Xj, j = 1,...,N. By Step 6, = T m (F) has an eigenvalue, say, x in 

Jy,w/2 for all sufficiently large m. Let p C S be the projector to one of 
the corresponding eigenvectors. Then p^ (m) (x) = 1, while p^ m )(J x ,w/2) = 0. 
Thus the error bar width 9 is > t/8N. Together with (1661) . this completes 
the proof. □ 



7.4 Approximate joint measurements for two compo- 
nents of spin 

Let us apply the results above to an approximate joint measurement of 
two components of spin. In the classical limit, the phase space of the quantum 
spin system is the two-dimensional sphere S 2 = {q\ + q\ + q 2 = 1} C M 3 
equipped with the standard form. 

In what follows, we write ci,C2, ... for positive numerical constants. The 
length of an interval W C M is denoted by \W\. Consider an open cover 
W\, ...,Wn of [— 1; 1] so that all Wi are connected intervals of the length 
< ciJV" 1 , -1 e Wi, 1 G W N and W t D W s = for \i - j\ > 2. Put 
Ui = {q G S 2 : qi e Wi} and Vj = {q G S 2 : q 2 G Wj}, and consider the 
covers U = {Ui} and V = {Vj} of the sphere. 

Theorem 7.4. 

H(U, V) > c 2 N 2 (67) 
for all N > Nq, where Nq and c 2 depend only on c\. 

Proof. Choose minimal k such that G Wk- Consider the subset I = 
{l,...,k} of Qn = {l,- -,^}- The corresponding overlap layers (see (|47|) 
above) are given by A(U,I) = {qi G Wk H W k +i} and A(V,I) = [q 2 G 
Wk H Wk+i}- They form a pair of spherical annuli intersecting along two 
quadrilaterals. Pick one of these quadrilaterals, say IT. In view of our choice 
of k we can assume that for sufficiently large N the quadrilateral II lies in 
the domain {^3 > 1/2}. In this domain, the spherical area form is given by 
a(q\, q 2 )dqi A dq 2 with a < C3. Therefore 

Area(IT) < c 3 • \W k n W k+1 \ 2 < c A N~ 2 , 
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and thus (IBTj) follows from (15T?|) . 



□ 



This result deserves to be spelled out in more detail. Let {/j} and {gj} 
be any partitions of unity subordinated to the covers U and V respectively 
Their quantum counterparts are given by POVMs {T m (fi}} and {T m (<?.,■) }. 
By Theorem 17.21 POVMs {T TO (/j)} and {T m (gj)} e m -approximate von Neu- 
mann observables T m (qi) and T m (q 2 ) representing the first and the second 
components of spin respectively with the error bar width 

l/(4iV) < 6 < 2 Cl /N . (68) 

Here e m — > in the classical limit m — > oo. These POVMs are jointly 
measurable by Proposition 13.41 Let = {C^}, i,j = 1,...,N be such 
a joint observable. If the system is prepared in a pure state [£] G F(H m ), 
the probability of the simultaneous registration of q\ in the interval Wj and 
of q 2 in the interval equals (C^j Recall that the Planck constant 

h = 1/m. As an immediate consequence of Theorem 17.41 and f )68|) . we obtain 
that 

Mn(C^) ■ 9 2 > c 5 ■ h (69) 

for sufficiently large quantum numbers m = 1/H. 

It is instructive to compare inequality (16"9"|) with the universal uncertainty 
relation for the error bar widths of approximate joint measurements. This 
relation has been established first for joint measurements of position and 
momentum observables in [12] and later on extended to general pairs of 
observables in [26J. For two components of spin the uncertainty relation 
should read 

e 2 > c 6 h (70) 

for sufficiently large m. This inequality could be extracted from Theorem 
2(ii) of [26J combined with a calculation from [33J and the fact that the 
precision of the approximation e m goes to zero (see Theorem 17.21 above). In 
our context, since Mi n < 1, inequality (J59"]l refines the uncertainty principle 
for error bar widths f[70|) for sufficiently large quantum numbers m. 
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8 Further directions 



8.1 Does regularity of covers matter? 

Let (M,cj) be a closed symplectic manifold, and let U = {Uj} be a 
finite open cover of M by displaceable subsets with the displacement energy 
E(Uj) < A. 

Question 8.1. Is it true thatpb{U) > C -A^ 1 , where the constant C depends 
only on the symplectic manifold (M, u) ? 

The positive answer would enable us to get lower bounds on the inherent noise 
of a quantum registration procedure without assuming (d, p)-regularity of 
the corresponding cover. A naive intuition suggests that the Poisson bracket 
invariant pb should be bigger for "irregular" covers, however, at the moment, 
we have neither a proof nor a counterexample. 

8.2 Noise-localization uncertainty on wave-length scale 

Let (M,cu) be the classical phase space (a closed symplectic manifold). 
Consider a (d, p)-regular cover of M of magnitude of localization A. In what 
follows, d and p are fixed, while A \ will play the role of the small pa- 
rameter. Fix a scheme of the Berezin-Toeplitz quantization T m : C°°(M) — > 
C(H m ). For any partition of unity / = {fi} of M subordinated to U consider 
the POVM = {T m (fj)} corresponding to the quantum registration prob- 
lem associated to U. The noise-localization uncertainty relation (15 7p reads 

Af m {A (m ^) ■ A > C(d,p)H Vm > m , (71) 

for all m > m . Let us emphasize that the limits A — > and m — > oo do 
not commute: we first fix A, and then choose a sufficiently large m which 
depends on various data including A. 

Assume for a moment that inequality (ITT1) remains valid when A is allowed 
to depend on m. Since Ni n < 1, this yields A > Ch. 

Question 8.2. Does the noise-localization uncertainty relation (!7T|) remain 
valid in the asymptotic regime when A is as small as possible, that is A ~ h? 
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In such a regime, the dimensionless inherent noise M in {A^) would be 
bounded away from zero by a positive numerical constant. Observe that 
if A ~ h = 1/m, the functions fi entering the partition of unity become 
dependent on m as well. Therefore a rigorous justification of the above 
consideration would inevitably require a version of the correspondence prin- 
ciple for the Toeplitz operators of the form T m (f( m '), where the functions 
depend on the quantum number m, perhaps in a controlled way (say, 
they obey certain m-dependent derivative bounds. )0 Such a version of the 
correspondence principle for the Berezin- Toeplitz quantization seems to be 
unavailable at the moment. It would be interesting to develop it by methods 
of pseudo-differential calculus of Toeplitz operators [2] . 

8.3 Approximate joint measurements in higher dimen- 
sions 

In Section 17.41 we have studied approximate joint measurements of two 
components of spin. We started with a pair of open covers U and V associated 
to a discretization of these components with mesh ~ 1/N and showed the 
the noise indicator fi(U, V) satisfies 

M^, V) > const • iV 2 . (72) 

The main tool used in the proof was an elementary lower bound for the pb^- 
invariant on surfaces (see Section EIE] above) established in [5|. The technique 
developed in [5], which involves modern symplectic methods, enables one to 
extend these results to higher- dimensional phase spaces. 

A meaningful non-trivial example is given by a system of two spins whose 
phase space is the product M = S 2 x S 2 . A point of M is a pair (q, r) where 
q, r are unit vectors in R 3 . The total spin of the composed system equals 
q + r. It follows from [5] that inequality (!72|) holds for approximate joint 
measurements of two components q± and q<i of the spin of the first system. It 
would be interesting to extend it to approximate joint measurements of two 
components q\ + q2 and r\ +r 2 of the total spin. Even though the geometry of 
this problem is more involved, it sounds likely that such an extension can be 
obtained by methods of symplectic field theory following the lines of Section 
6of[5]. 

b I thank Victor Guillemin and Iosif Poltcrovich for useful discussions on this issue. 
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8.4 Localization vs. overlaps? 

In the present paper we discussed two methods of detecting inherent noise, 
phase space localization and geometry of overlaps. The former looks as a 
more universal one, while the latter seems to be more efficient in situations 
where it is applicable at all. For instance, existence of overlap induced noise 
is unclear for greedy coverings of higher- dimensional manifolds. At the same 
time, both methods yield certain lower bounds for the noise indicator in the 
case of approximate joint measurements of two components of spin, and in 
this situation geometry of overlaps yields better results. 

Is there a general recipe enabling one to choose between these two meth- 
ods in specific examples? The answer to this question is unclear to us, both 
from the symplectic and the physical viewpoints. In fact, it would be in- 
teresting to understand a physical meaning of the overlap induced noise. 
For instance, does it admit an interpretation in terms of some uncertainty 
relation? 

Acknowledgement: I am indebted to Paul Busch for pointing out [13] 
that the results of my recent paper [32] should extend to the case of joint 
measurements and for supplying me with a number of helpful bibliographical 
references. The present paper is a (somewhat over-sized) reply to Busch's 
comment. I thank Strom Borman, Victor Guillemin, Iosif Polterovich and 
Sobhan Seyfaddini for useful discussions and comments on the first draft of 
the paper. 
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